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Abstract. Let.Ji’ (P) bethe moduli spaceofirreducibleconnectionsofa G-principal
bundleP overa closedRiemannianspin manifoldM. Let DA betheDirac operator
of M coupledto a connectionA ofP andf a smoothfunction on M. Weconsider

d
a smooth variation A(u) of A with tangent vector w and denoteT~:= —

du
(DA (u) — f) 4 ~= o. The coefficients of the asymptoticexpansion of trace
(T~ et(DAJ?) near t = 0 define1-formsa?), k = 0, 1, 2, .. . on.Al(P).In
this paper we calculatea ,~0),a ~ a~

2~and studysomeof their properties.For

instanceusing the 1-form a (2) for suitable functionsf we obtain a foliation of
codimension5 of thespaceof G-instantonsofS4 -

Let M’7 be a closedRiemannianspin manifold, n ~ 3, G be a compactconnec-
ted simple Lie groupwith Lie algebrag and P be a principal G-bundleoverM~.

Let us denoteby ~ + (F) the spaceof all irreducible connectionsof P andby

J1(P) = ~ (P)/~(P)the orbit spacewith respectto the actionof the gaugegroup
~ç(P). Let ir ~9+ (F) —~.1/ (F) be the canonical projection. In the casen = 4

we denoteby d + (P) the spaceof all irreducible self-dual connectionsand by
,41(P)=s~1~(P)/~~(P)its orbit space.
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In this article we will define for each functionf E C~(M’s) 1-formsa
.1/1(P), k = 0, 1, 2 arising from thecoefficientsof theasymptoticexpansion

of the heatkernel of certain Dirac-typeoperator,andstudy someof their proper-

ties.

By S we denotethe spinor bundleof M’~to a fixed spinorstructure.

Let E = PxV denotethe vector bundleassociatedto Pby a unitary represen-

tation p : G -÷ U(V) and ~ =PXAd g the bundle associatedby theadjoint repre-

sentation of G. Let VS be the spinor derivative and VA be the derivative in

F(E) defined by a connectionA E ~‘ + (P). Then theoperator

DA :F(S®E)—+T(5®E)

(1) ~

(s
1 ,..., s ) local ON-basis

is the Dirac operator on M’~ coupled to a connectionA E ~‘ + (F). For each

function f E C~(M’~)the operatorDA — f is a St order elliptic formal self-

adjoint differential operator. ‘~‘ + (F) is an affine space,whosevector spaceis

the spaceF( g ® A
1M) of all 1-forms with valuesin the bundle~ . For a smooth

variation A (u) of A E ~ + (F) with tangentvector w E ® A’M) we consider

the smooth family of differential operatorsDA (u) — f and denote by T the
d

derivative T~= ~— (D~(u) —1)1 = ~. Then (1) implies

T :F(S®E)-÷f’(S®E)

(2) ~ s
1o~®p~(w(s1))e.

The operator T . e_t(DA1)
2 is an operator of trace class (t > 0). Trace

(T . e_t(DA f)3 ) hasneatt = 0 an asymptoticexpansion

Trace(T~et(DA_f)2)~(~fl/
2~ ~ak(TW,(DA_f)

2)

(see[6], 1.7).

We first remark that the coefficientsak (T , (DA — ~ define 1-forms on

.11(P):

Let us denoteby ( , ) the scalarproducton the spacesof p-forms F(g ®A~M)

definedby theAd-invariant scalarproduct
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(X, Y)~.:= — -- Trace (p(X) .

on the Lie algebra g. ( , ) defines a~(P)-invariantweak Riemannianmetric on

+ (F), hence weak metrics on .,# (F) and ~.‘V(F), respectively. Let

c/A : F(g ® A ~M) -+ F( ~ ®A” + ‘M) denote the covariant differential associated
to A E ~‘ + (F) and d~its formal adjointwith respectto ( ,). Then the tangent

spaceof ~ (F) atA decomposesinto

TA (~ + (P) = F(~®A1M) = Im dA Kerd~

where Im dA is tha tangentspaceof the orbit~(P) . A C ~ + (F) and Ker d~
is the horizontal lift of the tangentspace 1I~ ).J#1(P) (see [2], [5]). ~~F) acts

in a canonicalway on the bundle S ® E suchthat (DMA —f) = ~L(DA_f)p~,
/i Ef~(P).

Therefore,

(3) Trace(Tdl e_t(~.uA_f)2)= Trace(T e_t(DA f)2
w

Becauseof (2) and (3) we haveforeachk E IN a 1-forma?) ~ ./l1(P) definedby

a~(o):=ak(T...(A),(DA f)2)

when~(A) E Ker d~denotesthe horizontallift of a E T (A ) .11(P).

1. CALCULATION OFa~°~,a~’~,a~2~

Let us denoteby ~
1A E ~ ®A

2M) andby RA E r(End(E)eA2M) the curva-
ture forms associatedto A E ~ + (F), by ~ the curvaturetensorof M’~and by
R the scalarcurvatureof M’~.

THEOREM 1

(1)a~°)= 0

(2)a~’~(a)= 0 n>3
I 4(~(A),*~2A)~3

~ r~i
(3) a~.2~(o)= ——

2L2J(~(A) d~(fDA)> +

= 0 if n ~ 3,5

a3=_~(ö~(A),R*f2A+*(~®~jj)>
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2~ (

~ .j ~

a5 =~ ~ f 2Tr~(~(A)(sj)).(*RA ARA(s~)
1=1

1M

+ — (*(~A~ )~s))Tr~(p~(~A)(s))dM

where

RA OARA(X
1 X4)=~ sgn(p)RA(X~(1), X(2)).R(X(3).X(4))

~

(s~ s) local ON-basis.

Proof: (DA — f)
2 is a 2’”~-orderelliptic selfadjoint differential operator with

leading symbol a(DA —f)2) = + Ilv 112 Id. T~is a homomorphism.Therefore

we can apply Gilkey’s methodto calculatethe coefficientsak (T~, (DA — f)2).
By a straightforward calculation using (1) we obtain a Weitzenbock formula

for the operator(DA —f)2:

(DA f)2 ~f,A — (_~R+(n—l)f2—QA)

where L~i,A = Vf,A *vf.A denotes the Bochner-Laplacianfor the connection

F(S®E)-÷F(S ®E)

V(e):=V~cne+çonV~,e+f(X.,o®e)

and is the homomorphism

QA(~®e)= ~sk.sl~®R(sk,sl)e
k<l

(s i,..., s ) local ON-basis.

Accordingto [6] (1.7,4.8) we have
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aO(T,(DA —f)2)= f Tr~(T)dM

a
1(T , (DA —f)2) = f Tr~(T o H + — R T~) dM

(4) a2(T ,(DA —f)
2)= fM Tr~T(_- :~txR + — R2 — j-~IIR/cII2+

1 1 1
+—IL~lI2 +Tr —RTH+--TH2+

180 X 6 ~“ 2

+ — ~ W
11 W~— — ~ ~f,A H dM

where H denote the homomorphismH = — -~ R + (n — l)f
2 — ~A’ W~

1the

componentsof the curvaturetensorof the connectionV~and Ric the Ricci
curvatureof M~.Now, consideran ON-basise1, . . . eA,~E lR” C Cliff(F” , —

Thenfor the Clifford-multiplication we have

Trace(e1)=O

Trace(e.. e.) = 0 i <j

0 n~=3
Trace(e..e.~ ek)= i<f<k

2 n=3

Trace(e..e..ek.e)0 i<j<k<l

Trace(e~eJ.ek.e1.e)~ ~ i</<k<l<p.

Applying these relationsand the definition of the scalarproduct we obtain

1)Tr(T)=O

0 nr�r3
2)Tr (T H)=
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0 n*3,5

3) Tç(T H
2) = ~ Tr~(p~(w(s~))* (RA ~ RA) (s)) n = 5

(_2R+l6f2)(w,*~)~

4)Tr(T W..W..)=
x C~) 1/ 1/

8 dim S (o.’, gradfl czA~ n * 3,5

= 32 (w,gradf1~)~ —2i *<~A~>(s
1)Tc(p~(w(s1)) n =5

16 (w, gradfl&2A )~ — 32f
2 (w, *~A) 4(w *(&~A®~)) ~ = 3

5)f Trx(T.ALAH)dMfTrx((A~T)oH)dM=

8 dirnS(w,fd~)—4dimS(w,gradf1c~)

= 16(w,fd~)_8(w,gradf1~>+32f2((w,*&2~~)

+4 ~ f (dA(w(s~))—w(As~),(*~A)(s))dM

M

Using d~(fr) = —gradfJr +fd~r, r E F(~®A~M),and (4), Theorem 1

follows. •

2. SOMEPROPERTIES OFa~)

Considerthe <<extended>>Yang-Mills functional

Lf(~(A))= fM~~A (x) 2 dM on ~ (F).

THEOREM 2: Let n ~ 4, n * 5. Then

2 [~.1
a~2~=—— 2’-2-1dL1 I
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Proof: Let A(u) = A + r(u) be a variationwith 1(0) = ff(A). Then

d I d
dL

1(a) = — (Lf(A + r~u))I~= = 2~ f(x) (~A+ r (u ~)I~= 0’ ~A) dM.

Using~+T=~A +dAT+_ [rAr]

Theorem2 follows from Theorem1.

Now we derive a relation betweenthe I -formsa”~and the n-function of the

operatorDA — f. Considerthe opensubset

‘~(F)=~AE~~~(F)lKer(DA — f)={0}}C ~‘~(P).

Since the spectrumof (DA — f) is gauge-invariant~c(F)actson c~1~(F).Let
.11 (F) : = ~‘ + (F)/~(P).Let us denoteby ~(s, D) = ~ sgn(X) j A —~ (A eigen-

f I
valuesof D) the i’-function of an elliptic selfadjointoperatorD of orderd > 0.

D) is a meromorphicfunction,on if with only simple poles which lie in

n—k

d , k = 0,1,2 Ins = 0,—i, —3,— 5,... i~ is regular.

THEOREM 3: ConsiderthefunctionsF~
1~: .11

1(P)-+ IR:

2(n—l) r(~)Res3~_1n(s,DA ~

—-~_ \/~fl(0,D~—f) n=3

2)F~’~(A)): 2

— 2(n—3) — ResSfl3fl(s,DA fl

n(_l,DA_f) n=4

3)F~
2~(A)): ~fl(0,DA f)

n
— F ——2 Res_ ..

5fl(S,DA —f) n*4,5.
2(n—5) 2

Then ~ are correctly defined real functions and
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a~’~=dF~’~.

Proof Let A E ‘~‘ (F). Denote by 0 <A
1 <A2 <A3 <... -~- oc theeigenvalues

of (DA —f)
2 and by p

1 E F(S n E) a correspondingON-basisof eigenfunctions.

Then

Tr(T(DA _2)1)=

n
Re(s) > —

2

By the Melin transformwe obtain

Tr(T((DA ~ = F(s) ft~’Tr(T~e_t~~f~)dt

n
Re(s)> —

2

The right handsidedefinesameromorphiccontinuationof Tr(T ((DA —f)
2)~)

to the complex planewith only simple polesin sk =~ — k, k = 0, 1,2 and

Res
5

1k Tr(T ((DA — f)2 )S) = a~(T~(DA f)2). F(sk ~ 1

In s = 0, — I, — 2, . . , Tr(T ((DA — f)2)~)is regular and hasthe value

a (T. (DA —f)2)Res . . F(s) n even
1+ Ti~

Tr(T((DA —f)2Y~)J
3=_1=

0 nodd.
(see [6], 1.7, 1.10). Now, let A(u) be a smooth variationof A in 6 (P) with

tangentvector w. Then [3] (Theorem2.10)implies

d ~I(z+1)

— ~(z, DA(u) f)I~=0= —z Tr(T ((DA ~ 2
c/u

Hence

1.Case:n—2k—1~{0,— l,—3,—5,. ..}
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d
Res

5_~~1;:;- n(z,DA (u) —f)40 = —2(n —2k— I)

.ak(T,(DA f)2)F(_ _k)

k=0, 1,2,...

2.case:n—2k— I e{_ 1,—3,—5,. ..}

ak(T(DA —f)
2)Res F(z)n even

z=~_k

—t~(n—2k—l,D —f)J —0 =

u nodd

3. case:n— 2k — 1 = 0

Consider a 4-dimensional manifold M with strictly positive scalarcurvature

R,R
0=min R(x)>0.

x=M

Let d’(F)={A Ed~(F)4Ker(DA —f){0}}.

PROPOSITION 1: Let f E C~(M
4) be a function whoseimagelies in (o~~].

Thend(p)=d~’(P).

Proof: Let A E ~ + (F). The spectrumof DA is symmetricaroundzero andthe

/1~
smallestpositiveeigenvalueA

1(A) is greaterthan ._~Q.(see[8]). DA is an essen-

tially selfadjoint.operator.Thereforethe closureDA — f is a selfadjointoperator.
in L

2 (S®E) with densedomainand the samespectrumasDA —f
We decompose

DA —f=DA —~+~—f,

where 13 is a real number. Then DA — /3 is a selfadjoint and $3 — f a bounded
symmetric operatorin L2(S ® E). Applying perturbationtheory (see [9], V. 4)
we obtain

(5) sup dist(z, spec(DA —~))<II~—fIl~ maxj 13—f(x))!
ZEspec(DA_f) xEM
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Becauseof spec(DA) ~~ V~jr 0 we have
4

~ 1
spec(DA 13)fl ~ _/3j=O.Letci:=min f(x),c

2=maxf(x).
4 xEM XEX

1. Case: If + :1 <2c2, we choose/3ERwith

c2 :1 +c2
max c1,— </3<

2. case: If~ +c1 >2:2, ~00~E~~ith

c2</3<_(~+c1)

Thenit is easyto seethat

dist(O,spec(DA—13))>max !13—f(x)
xEM

Hence,becauseof (5),0 ~spec(DA —f).
From Theorems2, 3 andProposition1 we obtain

COROLLARY: Let M be a 4-dimensionalRiemannian manifold with strictly

1/~-
positive scalar curvature and f E C (M) a function with image in 0,

Then

~(_l,DA_f)__ff(x)!~4!~dM+const

forallAEd~(P).

REMARK: Let M be a 4-dimensionalRiemannianmanifold with strictly positive
scalarcurvature,X

5 : = M4 x ~1 andp : X5 —~-M4bethe projection.Theopera-

tor D *A on thebundlesoverX5 canbe consideredasoperator on a ~1 -parame-

tric family of spinors on M4: D~~A = DA + e
5 -p--- We can prove

spec(D~A—f. p) fl (o, mm (i, ~ = 0 for allA Ed~P). As in



513

Proposition I Ker(D~,*A — f) = {0} follows for all A Ed + (P) andf E C (M)

with Image(f) C 0, mm i, j1—~ . Applying Theorem 1 we obtain: For

each functionfE C(M
4) with imagein (o~mm (l~~))

n(O,D*A _f. p) _ ~Lf(x)!~A(x)J2dM+ const

for allA Ed~(F).

Now, considerM°, n ~‘ 4, n � 5 and the <<extended>>Yang-Mills functional

= L f(x) I ~ (x) 2 dM.

By a straightforwardcalculationwe prove

THEOREM4: ir(A) EA((F) is a critical point of L
1:J((P) -+ JR iffd~(f~) = 0.

The Hessian of Lf at a critical point ir(A) is

HL1(w, r) = 2 (dA ~ (A),f dA r(A)) +

+2([Z3(A)Ar(A)], f~A)

where &3(A) E Ker d~denotes the horizontal lift of w E T(A ) .11(P). •

3. THE 1-FORM bf ON THE INSTANTON SPACE~K(F)

Considera 4-dimensionalmanifold M and A Ed~(F). Let d : F(g ®A’M) -÷

-+ F( q eA
2M) be the operatord~:= V~dA,wherep is the orthogonalpro-

jection on the space F( ~nA2M) of all anti-self-dual2-forms. Sincethe complex

(6) F(s) ~4F(gaA’M) ~!4F(g~A2M)

is elliptic, thereis an orthogonaldecomposition

F(~®A1M)rrKerL~ ®ImdA eIm(d)*

withA~ :=dAd,A~+ (d~)*d~.Kerd~=KerA~ nlmdA isthetangentspace
of d~ (F) at A. Therefore Ker A~ is the horizontal lift of the tangentspace

T(A) .A!’(P) (see [2], [5]). Now, let hf be the restriction of the 1-form a~2~

to .,4”(P). Since d~cLA = 0 for all A E d~ (F) andd~(f~A) = — gradfi ~ +

+fd~~ Theorem 1 implies

— (~A), grad fJ~A)



514

where~ (A) E Ker is the horizontal lift of w E T (A) .iY(F). Furthermore,

by Theorem2

8
ii =——dL.
f 3 1

Hence is the differential of a functional boundedby ~2 k If II ,where

k is the instanton number of P.

A straightforward calculation shows

THEOREM 5: ir(A) is a critical point of L
1 : .iV(F) -+ JR iff there existsa 2-form

2 E I” (g ® A
2M) such that grad f I czA = (d ) * ~ 2 The Hessianof L

1 at a
critical point ~r(A) is

HL1(w,r)=—2(&3(A), grad f j d~ ?(A))

—2 V (p[E~(A)A~(A)], E2>

wherec~(A), F(A) E Ker are thehorizontal lifts of w, ‘r.

Now, consider the vector field Xf(A) = _dA*(f~ )on ~ + (F). ThenXf(A) =

= gradf I ~2A for A Ed + (F) X1 is left-invariant with respect to the ~(P)-

action on ~ + (F). It is easyto check that Xf is a horizontal vector field. There-

fore Xf definesa vector field Zf : = dir(X1) on .11(P).

PROPOSITION2: LetfE C(M
4) be a function such that gradf*OdM4 -almost

everywhere.

Thenfor all non-flatselfdualconnectionsA

Xf(A)=gradfj&7 *0.

Proof: AssumeX
1(A) = 0. For x E M

4 such that gradf(x) * 0 we can choose

gradf
an orthonormal basis e = , e , e

3, e4 aroundx. Then X (A) (x) =

• ~gradf~~
= II grad f(x) II cZ~~(x) e~(x) is zero iff &l~~(x)= 0 for k = 2,3,4. Fromthe

self-duality of A we obtain ç1A (x) = 0. This holds dM
4-almost everywhere,

henceA is flat. •

Under the assumption of Proposition 2 the vector field doesnot vanish
on ~.‘V(P).We now provea condition underwhich Zf is tangentto~A”(P).

PROPOSITION 3: Let f E C (M4) be a function such that the space F(A~M)
ofall self-dual2-formsis invariant undertheLie derivative ~grad f
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~grad f( F (A~M)) C F(A~M).

Then forA Ed’~(p)

i~ (gradfJf~)=0.

Proof: Let Y : = gradf Y I &~E Ker L~ iff Y I ~ E Ker d~and Y I &~
2A E

E Ker d~.
l)Becauseofd~ç~A=Owe have

~A~’ Y1~>=(dAs,_d~))=_(dAdAs,f~>=

~f ~5,[~ik,~ik1>dM

j<k M

=0.

2) Choose a local ON-basisf
1, f2, f3 in F(A~M).

Then locally ç

2A = w1® f’ and

dA (~Jç~A)= dA (w. ~ YIf’) = ~A w. A(YJf’)— c~®d(Ylf.)

=—w.® 2’~(f,)+w. ® YJdJ +dAWIA(YJf’)

=—w~® ~y(fj)_(dAwi)(Y)Øf1+YIdA~2A.

Using the Bianci Identity we obtain from 2’(f) C r(A~M)c~(YJ
4) = 0

We now considerthecaseS4 = M4.

Let f E C (54) be the function

f(x) : (u,x>, yE IR5, v*0.

v E lR5, v * 0 } is the spaceof all eigenfunctionsof the smallestpositive
eigenvalueof the Laplacianon S4.

It is easyto prove that gradf~x)= v — (x, u)x is an infinitesimal conformal

transformationon S4. Hence by Proposition2 and 3 the vector field Z
1 is a

nowherevanishing tangent vector field on .K(P). Becauseof b ~ = +

16

+ and b1 (Zf (ir(A))) = -~- I X1(A)1
2>0 we obtain

THEOREM 6: Let (v,,..., v
5) E JR

5 be a basis of 1R5. Then (If (If

are closed 1-forms on .~V(P)which are linearly independentat each point of

.A/’(P). Hence{bf bf} determinesafoliation of codimension5 on.iV(P).
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The normal spaceto a leafof thisfoliation at a point ir(A) is

span{Z
1(7r(A))=dir(gradfIcZA)~vElRS}.

THEOREM 7:

1) The secondfundamentalform of a leaf ~ C .K(P) at ir(A) is az1(X, Y) =

= (fdA Xç4),dA Y(A)) + ([1(A) A Y(A)], fFZA)

X,YET ~.

~r(A)
2) For thecommutatorof two normalfields of thefoliation wehave

[Z1,Z1 ](A) = —f~X1(A) +f~X1 (A) +

+ 2 ~A G~(&2A (gradf~,gradf~))

where G~ is the Green operator to the Laplacian A~ = d~~A of the elliptic

complex(6).

Proof: The Levi-Civita connection on .A/’(P) is given by

(7) V~Z(A) =proj~ ~. dir(dZ(X(A)))

Therefore,

Y) = (V~Y, Z1) = (V~Z1,Y) = — (dX1(X(A)), ~(A)>

d

= ~ Y(A))=

= (d~(fdA X(A)) —f *[~(~4) A ç~A] Y(A)>

=(fdAX(A),dA Y(A)>+(IX~(A)A ~(A)}, f~A)

From (7) we obtain

[Z~Zg1(A) = projKer~(dXg(Xf) — dX1(X8)) =

projKer (_d~(gd~Xf)+ d~(fdAXg)+g*[Xf(A)A &ZA]

f*[X (A)A~].

Since X1(A) E Ker we have dAXI(A) Ei F( ~ ®A~M) and d~dAXf(A)=
= * [X1(A) A ç~A1Therefore,

[Z7~Zg](A) ~

= pro1KerL~i (d4 (f~A(grad g , grad f)) + [grad g, grad f] I FZA)

Because of [grad g, grad f] = g grad f—f gradg for linear functionsg and

f on S
4 we obtain
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[~~g] (A)=proj~ ~
1(g X1(A)—f.Xg(A))~

Now,usinggX1(A)—fX(A)EKerd~weget

[Zg](A)=gXf(A)_fXg(A)_d~G~d~*(gXf(A)_fXg(A))

=~xf(A)fxg(A)+2d~G~(FZ(gradf,gradg)). U

Now, let us considerthe special caseof SU(2)-instantonson 54~The SU(2)-

principal bundleson ~4 are classifiedby k E 7L and for eachbundle we have
dim .K(Pk) = 8k —3 (k ~ 1) (see [2]). Hencetheleavesof the foliation in .JV(Pk)

havedimension8(k— 1).

The minimum of the Yang-Mills functional L(A) = I ~ 12 d54 onJ(~Pk)

I

is 4ir
2k : 4~2k I 2 d54 for all A E ./V(Pk). Let e

1, . . . , e5 E JR
5 be

the canonicalbasisof JR5. Then

Lk :.41(Fk)-+B(0,47r2k)CJR5

~(A) ~ (L
1 (A),.. . , L1 (A)) = f ~ ~A 2 dS4

mapsthe instantonspaceJV(Pk) to an openball of JR
5 with radius4ir2k.

From Theorem6 we know that dLk (k ~ 2) is surjective and dL
1 is injective.

Hence Lk (k ~ 2) is a submersionand L1 an immersion in B(0, 4 7r
2k). We show

that L
1 is bijective. We use the descriptionof.K(F1) derivedin [7]. The SU(2) =

= Sp(l)-principal bundle on S

4 is constructedas follows: Let U be the skew-

field of quaternionsand {a~, i = 1, 2, 3} a basis of the imaginary quaternions

with a?— — 1 anda
1 a~= a3. Furthermore,let p : ~4 -* U U {oo} be the stereo-

graphic projection such that for thestandardbasis {e1 e5} of JR
5 p(e

1) = 1,

~p(e1~~ = a1 i = 1,2,3, p(—e5)= U. On I-I U ~oo} the groupSp(
2)actstran-

sitively by g . x = (g
11x + g12) . (g21x + g22Y

1 for g = (g
1,) E Sp(2),x EU.

Sp(l) x Sp(l) is the isotropy group of 0 EU. The homomorphism~

—* SO(5) defined by i(g)y = p~
1(g. ~(y)) for g E Sp(2) andy E ~4 is a double

covering with v(Sp(1) x Sp(l)) = S0(4). Hence the principal bundle (Sp(2),

a, S4 Sp(1)x Sp(l))with projectiona :gESp(2)-+v~)(—e
5)ES

4isthespinor

structures of 54. The associated bundle P
1 : = Sp(

2)Xpr
1 Sp(l), where pr1

Sp(1) x Sp(l) —~ Sp(I) denotes the projection onto the first component,is the

principal Sp(l)-bundle over 54 with index k = 1. (see [l.]).On the Lie algebra

sp(2) we fix the inner product defined by (X, Y> = 2 ReTr(XYT).
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We denote by A
1 the connection on P1 induced by the canonical Sp(2)-

invariant connectionof the spinor structureof 54.A1 is an irreducible self-dual

connection which is called the basic instanton. Furthermore, let us denote by

A~Ed + (F1) the connection defined by h7A1, where h~: F1 —* F1 is the lift

of the conformal map x E S
4 —* p’ (t~”2~~p(x))E S4.Sp(2)actscanonically

on F
1 , therefore

Sp(2) x~A
1(F

1)-+K(F1)

(g, ir(A))-* 7r(ç_i*A)

defines a left-action of Sp(2)on .A~(P1).In [7] it hasbeen provedthat

1).iV(P1) is the disjoint union of the orbits 5p(2) . ~r(A~) where t E [1, oo)2)Sp(2) . ~r(A
1) = ir(A1) and Sp(2) . ~r(A~) is isometric to a sphereS~, t E

E(1,oo).

3) In the parametrization~
4”(P

1)\ 7r(A1) = U S~= (1, on) x S
4 the

tE(1,=)

Riemannianmetric of .iV(F
1 ) is givenby

g~1= h(t)
2 dt2 + r(t)2 ~

with

+ lOt + I 6(t + 1)
h(t)2 4~.2 — lnt

t(t— l)~ (t— l)~

t2—8t+1 12t2
r(t)2=2ir2 + lnt

(t—1)2 (t+ l)(t— l)~

PROPOSITION 4: Let f E C (54) be a linear function. Then for L
1 : .A1(P1) —* JR

we have

L1(t, y) = 47r
2f(y)a(t)

where

— 8t3 + 8t — 1 + 12t2 In t

(t— I)~

Proof: Letg E Sp(2)andG = v(g) E So(S).Then

L
1~.~(A~))=f f(y)I~5At(y)I

2d54=
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= f f(y)JQ;~
1~At(y)~

2d54

= (fG.YI~AtYI2d54.

)s4

Choosea ON-basis on ~4 \ {e
5} WI by s~(x)= 1/2 (1 + Ix 12) ~1x,/ = 1,

4, x = x1 + x2a~+ x3a2 + x4a3E U. Then for the local connectionforms
with respectto the sectionin P1 I ~ definedby s we have

Im(xd~) and
(t + x 112)

t —
czAr(x).... dxAdx

(t + x 112 )2

(see [7], [1]).

Using~
1(x) = 1 + lix 2 (2x

1,.. . , ~ ‘II x 112 — 1) we obtain

I 11x1121
Lf(g.ir(A~))=24t

2f([GI
5). I dx

)4 (t+IlxlI
2)4~lxII2+ 1)

where [G]
5 denotesthe 5. column of G. We identify S~with Sp(2) . ir(A~)C

C .A
1(P

1) such that 7r(A~)correspondsto the north pole of S~.Then [G]5 = y.

Calculatingthe integral,yieldsthe proposition.

a(t) is a strictly increasingfunction with

lima(t)= 0 and lima(t)= I.

COROLLARY: The map L1 : .A”(F1 ) -~ B(0, 471.2)C JR
5 is given by

L
1 (t, y) = 4ir

2y a(t).

L
1 is an embedding of A/(F1 ) in JR

5 with imageB(O,4~2) •

Finally, we consideranotherexample.

Take the function f(y) = y~on S4. By a similar calculation as abovewe obtain

PROPOSITION5: For L
1 : .A1(P1 ) —~ JR we have



520

L1(t, ~) = 4~2{y~+ (1 — 53)~2)b(t)}

where

2
b(t) = (t

4 + 9t3 — 9t2 — t — 6(t3 + t2) . ln t)
(t— l)~

b(t) is a strictly decreasing function with

lim b(t) = 0 and lim b(t) =

t-.1 5

Hence L
1 I ~ attainsits maximumat the north and south pole and its minimum

on the equatorof S~.L1 ,= ~< ~ is strictly increasing iff y~> 1/5, constant

iff y~= 1/5 and strictly decreasingiff y~< 1/5. In ir(A1) Lf hasa maximum

along the coordinatelines ty1, . . . , ty4 and a minimum alongthe coordinate

line tj’5. This proves

PROPOSITION 6: Letf(y) = y~. Then L1 : .A~’(F1)—~ JR has exactly onecritical
point, the basic instanton of,41(P1). This_point is non-degeneratedwith index

4. L,. extendsto the compactification4
1(P

1)= rr(A1) U (1, no] x ~4 andattains

its maximum4ir
2 at the north and southpole (oc) x { ±e

5 } and its minimum

zeroattheequator{on}x~xES
4~y

5O}.

Remark: If we compactify.A7~(F1)by S~:A
7’(F

1) = [A1] U (1. on] x 54, then

in the examplesof Propositions 4 and 5 L1(on, y) = 4ir
2f(y). This reflects the

general fact that for a simply connected4-manifold of positive definite inter-

section form the SU(2)-instantonsof index 1 form a 5-dimensionalmanifold

which can be compactified by adding X in such a way that a point x of X4

representsthe limit point of a sequenceof connectionswhosecurvaturescon-

centratedin diminishing balls aroundx (see [4]). Hencein generalL
1 : ,41(P1 X)

-+ JRsatisfiesL11~= 47r
2fon X = a.~V(F

1,X).
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